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Abstract—Reconfigurable intelligent surfaces (RISs) are pro-
posed to control complex wireless environments in next-generation
networks. In particular, wideband RISs can play a key role in
high-accuracy location awareness, which calls for models that
consider the frequency-selectivity of metasurfaces. This paper
presents a general signal model for wideband systems with RISs
and establishes a Fisher information analysis to determine the
theoretical limits of wideband localization with RISs. In addition,
synthetic RISs are proposed to mitigate the multiplicative fading
effect caused by the scattering property of RISs. Special scenarios
including complete coupling and complete decoupling are further
investigated. Results show that with the proposed models, a wide-
band RIS with a polynomial phase response per element provides
more position information than those with more degrees of freedom
(DOFs) in piecewise-constant phase response per element. Fur-
thermore, velocity-induced information allows a dynamic RIS to
provide more position information than a static RIS. Additionally,
a dynamic RIS can be synthesized through multiple measurements
to outperform a large one.

Index Terms—Fisher information, localization, near-field
propagation, next-generation networks, reconfigurable intelligent
surfaces, wideband system.

I. INTRODUCTION

HOLOGRAPHIC LOCALIZATION, empowered by re-
configurable intelligent surfaces (RISs) to achieve con-

trollable electromagnetic (EM) environments, is promising in
next-generation wireless systems [1]. Its applications include
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smart environments [2], [3], integrated sensing and communi-
cation (ISAC) [4], [5], [6], [7], distributed networks [8], [9],
[10], [11], [12], and Internet-of-Things (IoT) [13], [14], [15],
[16]. However, the potential of holographic radio has been
limited by the frequency-selectivity [17], [18], [19], [20] and
the multiplicative fading effect [21] of RISs. In particular, holo-
graphic localization approaches so far are constrained with a
narrowband or constant-phase-response assumption on RISs.
Moreover, existing approaches mitigate the multiplicative fading
effect by setting a large-aperture RISs [22], [23] or integrating
power amplifiers (PAs) to RIS elements [21]. Nevertheless, the
mitigation of the multiplicative fading effect may introduce
additional hardware costs and power consumption as well as
reduce the system robustness [22], [24]. Similar issues also exist
in RIS-aided near-field communication and sensing, which has
piqued significant research interest recently [25], [26], [27], [28].

RISs can be used to improve the accuracy of localization
systems due to their reconfigurability and low power con-
sumption [29], [30], [31]. Nevertheless, most existing works
related to localization with RISs are based on a narrowband
assumption [32], [33], [34], [35]. With such an assumption,
RISs can be simplified as devices that control the additional
phase shift of each element for the reflected EM waves. Even
though some works consider wideband transmitted signals, they
assume that the phase responses of RIS elements are constant
over the considered frequency band [36], [37], [38], [39]. Other
works related to wideband localization with RISs partitioned the
frequency band into multiple narrow frequency bands [40], but
they still assume that the phase responses of RIS elements are the
same in each narrow band. Also, such frequency band partitions
demand high degrees of freedom (DOFs) for every RIS element
configuration and may increase the fabrication complexity. This
assumption is unnecessary and limits the potential of RISs. In
fact, it has been shown that phase response over a frequency
band can be designed to be non-constant [41], [42].

Aside from the operational frequency band, another limitation
for wireless systems with RISs is the multiplicative fading effect
due to the scattering property of RISs. With the fading effect,
the strength of signal components scattered by the RISs can be
weakened, thus attenuating the benefits from the controllable
environments. To address this issue, a new RIS architecture,
active RISs, is proposed with integrated PAs on all RIS ele-
ments [21]. However, the additional PAs can increase power
consumption and fabrication costs. Furthermore, additional con-
figurations [43] are required to avoid significantly amplifying
the mutual coupling between RIS elements and the multiple
reflections between the RIS elements and environments. In
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fact, the multiplicative fading effect can also be mitigated by
synthetic RISs without any hardware modifications and without
amplification of interference. This paper introduces the concept
of synthetic RISs, which are virtual dynamic RISs synthesized
from the dynamic RISs over different observation intervals.

The fundamental questions related to wideband holographic
localization with RISs are: (i) what is the wideband model for
the received signal in the presence of RISs; (ii) how do RISs
improve localization in wideband systems; and (iii) to what
extent can synthetic RISs mitigate the multiplicative fading
effect? Answers to these questions provide insights into the de-
sign and analysis of wideband holographic localization systems
with synthetic RISs. The goal of this paper is to determine the
fundamental limits of holograpic localization with wideband
RISs in both near- and far-field scenarios and to quantify the
performance gain introduced by the motion of dynamic RISs
and synthetic RISs. In this paper, the narrowband assumption
on RISs is removed and the dynamic wideband RISs are syn-
thesized to mitigate the multiplicative fading effect. The key
idea is to characterize the phase responses of RIS elements with
finite polynomial coefficients and to exploit the velocity-induced
position information with the temporal cooperation among dy-
namic RISs in different positions to significantly enhance the
information brought by RISs.

This paper presents general signal models for wireless envi-
ronments with wideband RISs and establishes the performance
limits of RIS-aided wideband localization. The key contributions
of this paper include:
� modeling of near/far-field1 signals for wireless environ-

ments with wideband RISs, where the spherical wavefront,
polarization attenuation, and polynomial phase response
are considered under the angular insensitivity assumption
on RIS elements;

� derivation of theoretical limits for wideband localization
via static RISs, dynamic RISs, and synthetic RISs including
scenarios with the complete coupling (CC) and complete
decoupling (CD) of the signal components scattered by
different RIS elements;

� analysis of the difference in the position information pro-
vided by dynamic RISs and synthetic RISs, revealing the
essential distinction between large-aperture and synthetic-
aperture RISs; and

� quantification of the localization performance in CC and
CD scenarios, highlighting the importance of the proposed
wideband model and evaluating the role of both velocity-
induced information and RIS trajectory for constructing a
synthetic RIS.

The remaining sections of this paper are organized as follows.
Section II presents near/far-field signal models for holographic
localization with static RISs and with dynamic RISs. Section III
performs Fisher information analysis for holographic local-
ization with static RISs, dynamic RISs, and synthetic RISs.
Section IV presents a case study for holographic localization
with numerical results. Section V presents our conclusion.

1The near-field regime in this paper refers to the radiative near-field regime,
which is considered in most existing works of wireless communications. The
far-field model is a special case of the proposed near-field model, and thus the
proposed models are applicable in both near- and far-field scenarios.

Notations: Random variables are displayed in sans serif,
upright fonts; their realizations in serif, italic fonts. Vectors and
matrices are denoted by bold lowercase and uppercase letters,
respectively. Sets and collections are denoted by calligraphic
font. Notation A � B denotes that A−B is positive semi-
definite. Define κ(X) = X +XT, where X is a square matrix
and XT is its transpose. The notations [X]i,j and [X]i:j,k:l
respectively refer to the (i, j)-th element and the submatrix
composed of rows i to j and columns k to l of the matrix
X . The m-by-n matrix of zeros (resp. ones) is denoted by
0m×n (resp. 1m×n); when n = 1, the m-dimensional vector
of zeros (resp. ones) is simply denoted by 0m (resp. 1m).
The symbol diag{X1,X2, . . . ,Xn} denotes a block-diagonal
matrix with diagonal blocks X1,X2, . . . ,Xn. The operator
| · | takes the modulus of complex numbers, ‖ · ‖ takes the �2
norm of vectors, and 〈x,y〉 takes the inner product of vectors x
and y. The symbol j denotes the imaginary unit. The operator
F{·} generates the Fourier transform of its argument. The
operators � and ⊗ denote the Hadamard product and cross
product, respectively. The ket |pt→pr〉 denotes the polarization
state of the EM wave traveling from position pt to position
pr. In this context, the polarization state can be viewed as
a vector in C3, and the bra 〈pt→pr| can be viewed as the
conjugate transpose of the vector. Define the direction vector
q0(ψ,ϕ) = [sin(ψ) cos(ϕ) sin(ψ) sin(ϕ) cos(ψ)]T, where
ψ ∈ [0, π], ϕ ∈ [0, 2π). Moreover, define (ψA, ϕA) = ((π − ψ)
mod π, (π + ϕ) mod 2π). The symbols used for important
quantities are summarized in Table I.

II. SYSTEM MODEL

This section proposes two signal models for the localization
system: one with a static wideband RIS and another with a
dynamic wideband RIS. Each model is applicable to both near-
and far-field scenarios. In these models, the wideband RIS is
defined as an RIS whose phase response at each element can be
controlled independently.

A. Wideband Signal Model for Static RISs

Consider a three-dimensional (3D) scenario with one wide-
bandNs-element RIS, one agent that acts as a receiver (Rx), and
Nb anchors that act as transmitters (Txs), as shown in Fig. 1.
The agent is a node with an unknown position, and the anchors
are nodes with known positions. Denote the coordinates of the
m-th element on the wideband RIS, the agent, and the j-th
anchor respectively by p(m),p,pj ∈ R3. The sets of anchors
and RIS elements are denoted by Nb = {1, 2, . . . , Nb} and
Ns = {1, 2, . . . , Ns}, respectively. The objective of the system
is to localize the agent using the received signal at the agent.
Here, the agent at p and the anchors at pj , j ∈ Nb, could be
placed in either the near- or far-field regimes of the RIS. We
consider that the dimension of the RIS is much larger than the
center wavelength λc to ensure diffraction effects insignificant.

The received signal at the agent from the the j-th anchor is

rj(t) = χjr
DP
j (t) +

∑
m∈Ns

r
RIS(m)
j (t) + zj(t) (1)
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TABLE I
NOTATIONS OF IMPORTANT QUANTITIES

Fig. 1. Localization system with a static wideband RIS. The wideband RIS
can control the phase response of each element, therefore, the coupling degree
of the scattered wideband signals is adjustable.

with

χj =

{
1, for line-of-sight
0, for non-line-of-sight

for any t within an observation interval [0, Tobs). In (1), rDP
j (t)

and rRIS(m)
j (t) are the signals received at the agent from the

j-th anchor via the direct path and the RIS-scattering path of
the element m, and zj(t) is a white Gaussian noise with power
spectral density (PSD) N0/2.

In the rest of this section, we provide the specific expressions
of the signals rDP

j (t) and rRIS(m)
j (t), determined by their Fourier

transforms RDP
j (f) and RRIS(m)

j (f), respectively. The Fourier

transforms are given by

RDP
j (f) = γDP

j

√
ADP
j (f)GDP

j (f)S(f)αDP
j e−j2πfτ

DP
j

(2)

R
RIS(m)
j (f) = γ

RIS(m)
j

√
ARIS(m)(f)G

RIS(m)
j (f)S(f)

× α
IP(m)
j αSP(m)e

−j2πf
(
τ
IP(m)
j +τSP(m)

)

×A
(m)
j (f) ejΦ

(m)
j (f) (3)

in which S(f) is the Fourier transform of the transmitted signal
s(t) whose bandwidth is much greater than the reciprocal of the
observation duration;ADP

j (f) andARIS(m)(f) are the apertures
of the Rx antenna at the agent along the direction of the direct
path from the j-th anchor and the scattering path via the m-th
RIS element, respectively, given by

ADP
j (f) =

λ2

4π
ηRx(f)DRx

(
ψA,j , ϕA,j

)
ARIS(m)(f) =

λ2

4π
ηRx(f)DRx

(
ψ
(m)
A , ϕ

(m)
A

)
where the wavelength λ = c/f , and c is the speed of light;2

ηRx(f) denotes the Rx antenna efficiency, DRx(ψ,ϕ) denotes
the directivity of the Rx antenna; GDP

j (f) and GRIS(m)
j (f) are

the gains of the Tx antenna at the j-th anchor along the directions
of the direct path and the scattering path via the m-th RIS
element, respectively, given by

GDP
j (f) = ηTx

j (f)DTx
j

(
ψj , ϕj

)

2Note that the wavelength λ is a variable over the wavelength interval
corresponding to the considered frequency band, but not the center wavelength
λc of the transmitted signal.
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G
RIS(m)
j (f) = ηTx

j (f)DTx
j

(
ψ
(m)
j , ϕ

(m)
j

)
where ηTx

j (f) denotes the Tx antenna efficiency at the j-th
anchor, andDTx

j (ψ,ϕ) denotes the directivity of the Tx antenna
at the j-th anchor;αDP

j and τDP
j denote the attenuation and delay

of the direct path from the j-th anchor to the agent, respectively;
α
IP(m)
j and τ

IP(m)
j denote the attenuation and delay of the

incidence path from the j-th anchor to the m-th RIS element,
respectively; αSP(m) and τSP(m) denote the attenuation and
delay of the reflection path from the m-th RIS element to the
agent, respectively; γDP

j and γRIS(m)
j denote the polarization

coefficients of the direct path and the scattering path via the
m-th RIS element, respectively, given by

γDP
j = 〈p→pj |pj→p〉

γ
RIS(m)
j = 〈p(m)→p|PRIS(m)|pj→p(m)〉

where the operator PRIS(m) denotes the polarization manipu-

lation of the m-th RIS element;3A(m)
j (f) and Φ

(m)
j (f) are the

amplitude [44] and phase [45] responses of them-th RIS element
along the path from the k-th transmitter, through the element, to
the j-th receiver, respectively, given by

A
(m)
j (f) =

ζ
RIS(m)
j

λ
ηRIS(f)

Φ
(m)
j (f) = Φ

(m)
dyn,j(f) + Φ

(m)
func,j(f)

where ζ
RIS(m)
j /λ is the effective aperture of the m-th RIS

element for incidence EM wave with wavelength λ, and ηRIS(f)
is the scattering efficiency over the concerned frequency band;
Φ

(m)
dyn,j(f) is the dynamic phase response caused by the propa-

gation in them-th RIS element, and Φ
(m)
func,j(f) is the functional

phase response of them-th RIS element which can be controlled
in the concerned frequency band. The wideband RIS is a real
system, soΦ(m)

j (−f) = −Φ
(m)
j (f) andA(m)

j (f) = A
(m)
j (−f).

Consider that the wideband RIS is angle-insensitive, i.e.,
Φ

(m)
j (f) = Φ(m)(f) and ζRIS(m)

j = ζRIS(m). Note that even if

the positive part Φ(m)
+ (f) of Φ(m)(f) is a continuous function

of frequency,4 it can be expressed as a finite-order polynomial
and controlled in a discrete way, i.e.,

Φ
(m)
+ (f) =

K∑
k=0

Φ
(m)
k fk

where the orderK is a nonnegative integer, and the controllable
parameters satisfy that Φ(m)

0 ∈ [0, 2π) and dΦ(m)
+ /df � 0. No-

tice that the phase response of the RIS is not assumed to configure
different frequency components independently. For example, if
the positive part Φ(m)

+ (f) is a first-order polynomial, the degree
of freedom (DOF) for configuring the phase response of the
m-th RIS element over the considered frequency band is 2. As

3In this context, the operator can be viewed as a linear mapping from C3 to
C3, and thus can be represented by a 3-by-3 complex matrix.

4Φ
(m)
+ (f) = Φ(m)(f), ∀f > 0.

Fig. 2. Localization system with a dynamic/synthetic wideband RIS. For
practical applications, the dynamic RISs can be deployed on vehicles patrolling
densely populated areas, such as mobile robots and unmanned aerial vehicles.

a result, the phase responses of different frequency components
follow an affine relationship and are not independent.

In the proposed model, the EM wave impinging on the static
RIS has spherical wavefront. In particular, for each RIS element
m ∈ Ns, the delays τ IP(m)

j and τSP(m) of the scattered signal

component are, respectively, given by τ IP(m)
j = ‖p(m) − pj‖/c

and τSP(m) = ‖p− p(m)‖/c.

B. Wideband Signal Model for Dynamic RISs

Consider a dynamic RIS in the system described in Fig. 2,
where a mild assumption on dynamic RISs is introduced in
Assumption 1 to simplify the signal model. A localization sys-
tem with dynamic RISs implies that a localization measurement
is carried out within a single observation interval. Position
information from a system with a synthetic RIS is synthesized
from measurements taken with a dynamic RIS over multiple
observation intervals.

Assumption 1 (Quasi-static and quasi-uniform-speed assump-
tion): For any m ∈ N̊s,t0 , the velocity v̊(m)(t) of the RIS m-th
element satisifies

λc 
 max
m∈Ns,t0

∥∥∥ ∫ t0+Tobs

t0

v̊(m)(t)dt
∥∥∥, ∀t0 ∈ R (4)

∥∥v̊(m)
t0

∥∥ 
 max
t,t′∈

[t0,t0+Tobs)

∥∥v̊(m)(t)− v̊(m)(t′)
∥∥, ∀t0 ∈ R (5)

where the vector v̊(m)
t is the average velocity of the m-th RIS

element during the observation interval [t, t+ Tobs), and N̊s,t

is the set of the dynamic RIS elements during the observation
interval [t, t+ Tobs).

Remark 1: Assumption 1 ensures that the wireless channel
with a dynamic RIS is time-invariant during an observation inter-
val. With the center frequency in the GHz regime, Assumption 1
is readily achievable. For a localization system with a center
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R̊
RIS(m)
j (f) = γ̊

RIS(m)
j

√
ÅRIS(m)(f) G̊

RIS(m)
j

(
f
1− ν̊

IP(m)
j

1− ν̊SP(m)

)
A(m)

(
f

1

1− ν̊SP(m)

)
exp

{
jΦ̊(m)

(
f

1

1− ν̊SP(m)

)}

× α̊
IP(m)
j α̊SP(m)S

(
f
1− ν̊

IP(m)
j

1− ν̊SP(m)

)
exp

{
− j2πf

(
τ̊
IP(m)
j

1− ν̊
IP(m)
j

1− ν̊SP(m)
+ τ̊SP(m) 1

1− ν̊SP(m)

)}
(6)

frequency of5GHz and an observation duration of66.67μs [46],
an average RIS speed of 9 m/s satisfies the condition (4); and
an average acceleration of 104 m/s2 satisfies the condition (5).
Therefore, mobile vehicles in complex wireless environments
where RISs can be deployed, such as industrial mobile robots
and unmanned aerial vehicles, satsify with Assumption 1 [47],
[48], [49].

Under Assumption 1, the position and velocity of elements
on the dynamic RIS can be considered as constant vectors
during the observation interval [t0, t0 + Tobs), i.e., for all t ∈
[t0, t0 + Tobs) andm ∈ Ns,t0 , it holds that p̊(m)(t) = p̊

(m)
t0

and

v̊(m)(t) = v̊
(m)
t0

. If t0 = 0, the subscripts of the time-varying

scalar x̊0, vector x̊0, and set X̊0 can be omitted.
The received signal at the agent from the j-th anchor is

rj(t) = χ̊jr
DP
j (t) +

∑
m∈N̊s

r̃
RIS(m)
j (t) + zj(t)

for any twithin the observation interval [0, Tobs), where the ring
on the top of χj denotes that the line-of-sight (LOS) condition
between the j-th anchor and the agent can vary with time, and the
scattered signal component r̃RIS(m)

j (t) from the m-th element
of the dynamic RIS is given by

r̃
RIS(m)
j (t) =

∫ ∞

−∞
R̊

RIS(m)
j (f) ej2πftdf .

Under Assumption 1, R̊RIS(m)
j (f) can be interpreted as the

Fourier transform of the received signal over the observation
interval [0, Tobs), given by (6) shown at the top of this page,
where the time-varying versions of γRIS(m)

j ,ARIS(m),GRIS(m)
j ,

α
IP(m)
j ,αSP(m), τ IP(m)

j , and τSP(m) are defined by replacing the

static p(m), m ∈ Ns, in the expressions with the time-varying
p̊
(m)
t0

, m ∈ Ns, at t0 = 0.5 Specifically, the polarization coeffi-
cient, aperture at the agent, and the gain at the j-th anchor over
the scattering path via the m-th RIS element are respectively
given by

γ̊
RIS(m)
j = 〈p̊(m)→p|P̊RIS(m)|pj→ p̊(m)〉

ÅRIS(m)(f) =
λ2

4π
ηRx(f)DRx

(
ψ̊
(m)
A , ϕ̊

(m)
A

)
G̊

RIS(m)
j (f) = ηTx

j (f)DTx
j

(
ψ̊
(m)
j , ϕ̊

(m)
j

)
where P̊RIS(m) denotes the polarization manipulation of them-
th dynamic RIS element. In addition, the relative speeds ν̊SP(m)

5Similar to Section II-A, the EM wave impinging on the dynamic RIS also
has spherical wavefront.

and ν̊IP(m)
j in (6) are normalized by the speed of light, given by

ν̊SP(m) =

〈̊
v(m),p− p̊(m)

〉
c ‖p− p̊(m)‖

ν̊
IP(m)
j =

〈̊
v(m), p̊(m) − pj

〉
c ‖̊p(m) − pj‖

and the positive part Φ̊(m)
+ (f) of the RIS phase response Φ̊(m)(f)

over the interval [0, Tobs) can be expressed in a finite-order
polynomial form, i.e., Φ̊(m)

+ (f) =
∑K
k=0 Φ̊

(m)
k fk. Note that for

multiple observations, the phase response of the RIS should be
made time-varing in different time intervals to compensate the
motion of the RIS.

C. Location Estimation and Squared Position Error Bound
(SPEB)

The received waveform rj(t) at the agent from the j-th anchor
can be represented by rj from the Karhunen-Loève expansion.
Therefore, all the received waveforms can be represented by a
vector r, defined as

r =
[
rT1 rT2 · · · rTNb

]T
Moreover, the Fisher information matrix (FIM) is defined as

J(p) = E

{[∂ ln f(r|p)
∂p

][∂ ln f(r|p)
∂p

]T}
(7)

where the expectation is computed over r. The likelihood func-
tion f(r|p) of all received waveforms can be expressed, due to
the independence of the Txs and the implicit multiple access
mechanism, as f(r|p) = ∏Nb

j=1 f(rj |p), where for static RISs,
the likelihood function f(rj |p) satisfies

f(rj |p) ∝ exp
{
− 1

N0

∫ Tobs

0

[
rj(t)− χjr

DP
j (t)

−
∑
m∈Ns

r
RIS(m)
j (t)

]2
dt
}

(8)

and for dynamic RISs, the scalar χj , the set Ns, and the signal

component rRIS(m)
j (t) on the right hand side of (8) are replaced

by χ̊j , N̊s, and r̃RIS(m)
j (t), respectively. The mean square error

of any unbiased estimator p̂ of the parameter vector p̂ satisfies

E
{
(p̂− p) (p̂− p)T

}
� J(p)−1

where the trace of the right hand side is defined as SPEB [50].
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III. DERIVATION OF FIM

This section performs Fisher information analysis based on
the proposed wideband signal models. Furthermore, special
scenarios including CC and CD scenarios are studied.

A. Wideband Localization With Static RISs

The following lemma presents FIM for estimating an un-
known parameter vector θ based on a real signal r(t,θ).

Lemma 1 (FIM representation in frequency domain): The
FIM on the parameter vector θ of a real time-domain signal
r(t,θ) with an additive white Gaussian noise whose PSD is
N0/2 can be represented as

J(θ) =
2

N0

∫ ∞

−∞

∂R(f,θ)

∂θ

∂R∗(f,θ)
∂θT

df (9)

where R(f,θ) = F{r(t,θ)}.
Proof: See Appendix A in [51]. �
Definition 1 (Completely coupled): Two signal components

r1(t), r2(t) are called completely coupled if

R1(f)R2(f)
∗ = |R1(f)||R2(f)| , ∀f ∈ R

where R1(f) = F{r1(t)} and R2(f) = F{r2(t)}.
Definition 2 (Completely decoupled): Two signal compo-

nents r1(t,θ), r2(t,θ) are called completely decoupled if the
FIM J12(θ) for estimating the parameter vector θ from the
coupling of the two components is zero, i.e.,

J12(θ) =
2

N0

∫ Tobs

0

∂r1(t,θ)

∂θ

∂r2(t,θ)

∂θT
dt = 0 .

Remark 2: The concept of completely coupled signal com-
ponents can be interpreted as signal components with the same
phase spectra. The concept of completely decoupled signal com-
ponents can be interpreted as independent signal components,
where there is no overlap in the estimation information extracted
from the different signal components. For example, two signal
components carried by independent resource elements in the
time-frequency resource grid of an orthogonal frequency divi-
sion multiplexing (OFDM) system are completely decoupled.

Definition 3 (Coupling kernel matrix (CKM)): We define a
CKM to describe the coupling controlled by a static RIS as

K(R1, R2) =∫ ∞

−∞

[
f2R1(f)R

∗
2(f) −jfR1(f)R

∗
2(f)1

T
3

jfR1(f)R
∗
2(f)13 R1(f)R

∗
2(f)13×3

]
df

where R1(f) and R2(f) denote the Fourier transforms of the
transmitted signals via two paths. Each of the two paths can be
either a direct path or a scattering path via an RIS element.

Remark 3: The CKM reveals the coupling degree of signal
components via different paths. It is worthy to note that the
control of phase spectra of signal components exerted by the
RIS is reflected in the FIM through the manipulation of the
CKMs. The properties of CKMs in special coupling states are
as follows:

1) IfR1(f) andR2(f) are completely coupled, the CKM K
is denoted by KC and is given by

KC(R1, R2) =∫ ∞

−∞

[
f2|R1(f)||R2(f)| 0T

3

03 |R1(f)||R2(f)|13×3

]
df

(10)

Specially, if R1(f) = R2(f) = R(f), the CKM K is
denoted by KS and reduces to

KS(R) =

∫ ∞

−∞

[
f2|R(f)|2 0T

3

03 |R(f)|213×3

]
df . (11)

2) If R1(f) and R2(f) are completely decoupled, the CKM
is given by

K(R1, R2) = 04×4 . (12)

3) For any R1(f), R2(f), it holds that

K(R1, R2) = K(R2, R1)
T .

Definition 4 (Information gain vector for the direct path):
We define the information gain vector gDP

j for the direct path
between the j-th anchor and the agent as

gDP
j =

⎡
⎢⎢⎢⎢⎢⎣

2π/c

∂
∂ψj

DTx
j /(2DTx

j )− ∂
∂ψA,j

DRx
j /(2DRx

j )

∂
∂ϕj

DTx
j /(2DTx

j ) + ∂
∂ϕA,j

DRx
j /(2DRx

j )

1/αDP
j

⎤
⎥⎥⎥⎥⎥⎦

where DTx
j and DRx

j are the short forms of DTx
j (ψj , ϕj) and

DRx(ψA,j , ϕA,j), respectively.
Definition 5 (Information gain vector for the scattering path

via an RIS element): We define the information gain vector
g
SP(m)
j for the scattering path via them-th RIS element starting

from the j-th anchor as

g
SP(m)
j =

⎡
⎢⎢⎢⎢⎢⎢⎣

2π/c

∂

∂ψ
(m)
A

DRx /(2DRx)− ∂
∂ψ(m) γ

RIS(m)
j /γ

RIS(m)
j

∂

∂ϕ
(m)
A

DRx /(2DRx) + ∂
∂ϕ(m) γ

RIS(m)
j /γ

RIS(m)
j

1/αSP(m)

⎤
⎥⎥⎥⎥⎥⎥⎦

where DRx is the short form of DRx(ψ
(m)
A , ϕ

(m)
A ).

Theorem 1: Based on the proposed signal model in Sec-
tion II-A, the FIM of the agent is given by

J(p) =
∑
j∈Nb

J j(p) (13)

where J j(p) is the contribution from the j-th anchor, given by

J j(p) = χjJ
DP
j (p) +

∑
m,m′∈Ns

J
(m,m′)
j (p) + χj

∑
m∈Ns

C
(m)
j (p).

(14)

Specifically, the matrices JDP
j (p), J (m,m′)

j (p), and C
(m)
j (p)

are the FIMs from the direct path, from the coupling of scattering
paths via RIS elements, and from the coupling of a scattering
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path via an RIS element and the direct path, respectively, given
by

JDP
j (p) =

2

N0
QDP
j

[
KDP
j �WDP

j

] (
QDP
j

)T
(15)

J
(m,m′)
j (p) =

2

N0
QSP(m)

[
K

(m,m′)
j �W

(m,m′)
j

](
QSP(m′))T

(16)

C
(m)
j (p) =

2

N0
κ
(
QDP
j

[
K

(m)
j �W

(m)
j

](
QSP(m)

)T)
(17)

where KDP
j = KS(RDP

j ), WDP
j = gDP

j (gDP
j )T, K(m,m′)

j =

K(R
RIS(m)
j , R

RIS(m′)
j ), W

(m,m′)
j = g

SP(m)
j (g

SP(m′)
j )T,

K
(m)
j = K(RDP

j , R
RIS(m)
j ), W

(m)
j = gDP

j (g
SP(m)
j )T, and

the Jacobian matrices QDP
j and QRIS(m) are given by (35) and

(36), respectively.
Proof: See Appendix A. �
Remark 4: In LOS condition, the FIMJ j(p) consists of three

components: the FIM JDP
j (p) from the direct path, the FIM

JRIS
j (p) from the scattering paths, and the FIM CDP,RIS

j (p)
from the coupling of the direct path and the scattering paths,
where JRIS

j (p) =
∑
m,m′∈Ns

J
(m,m′)
j (p) and CDP,RIS

j (p) =∑
m∈Ns

C
(m)
j (p). The FIM from the coupling of the direct path

and the scattering paths is the sum of the FIMs from the coupling
of the direct path and each scattering path. In non-line-of-sight
(NLOS) condition, the FIM JDP

j (p) from the direct path and

the FIM CDP,RIS
j (p) from the coupling of the direct path and

the scattering paths are eliminated. All components of the FIM
J j(p) contain CKMs as kernels. The wideband RIS can control
the CKMs of JRIS

j (p) and CDP,RIS
j (p).

We now briefly discuss Fisher information analysis for holo-
graphic localization with multiple agents. Multi-agent holo-
graphic localization can be categorized as noncooperative, spa-
tial cooperative, and spatio-temporal cooperative cases, where
the FIM in Theorem 1 can be generalized in a similar manner
as that illustrated in the Fig. 4 of [46]. For the noncooperative
case, the FIM associated to the errors on the positions of agents
becomes a block-diagonal matrix and each of its block corre-
sponds to an agent. Specifically, consider Na agents where the
position of the i-th agent is denoted by pa

i , i ∈ {1, 2, . . . , Na}.
Then, the FIM of all agents is given by

diag{J(pa
1),J(p

a
2), . . . ,J(p

a
Na

)}
whereJ(pa

i ) is given by (13) with p replaced by pa
i . For the spa-

tial and spatio-temporal cooperative cases, the cooperation in-
creases the diagonal blocks in terms of positive-semidefiniteness
and makes off-diagonal blocks non-zero.

B. Wideband Localization in Complete Coupling/Decoupling
Scenarios

To further illustrate how Fisher information is affected by a
wideband RIS, two types of scenarios, namely, CC scenarios
and CD scenarios, are evaluated.

Corollary 1 (CC scenario): If all signal components via scat-
tering paths are completely coupled, and any signal component

via a scattering path and the signal component via the direct path
are completely decoupled, then the FIM of the agent contributed
by the j-th anchor is given by

J j(p) = χjJ
DP
j (p) +

∑
m,m′∈Ns

J
C(m,m′)
j (p)

where JDP
j (p) is given by (15), and J

C(m,m′)
j (p) is given by

2

N0
QSP(m)

[
KC(R

RIS(m)
j , R

RIS(m′)
j )�W

(m,m′)
j

](
QSP(m′))T

with W
(m,m′)
j = g

SP(m)
j (g

SP(m′)
j )T.

Proof: Apply (10) and (11) to Theorem 1. �
Corollary 2 (CD scenario): If all signals via different paths

are completely decoupled, then the FIM of the agent contributed
by the j-th anchor is given by

J j(p) = χjJ
DP
j (p) +

Ns∑
m=1

J
(m,m)
j (p)

where JDP
j (p) is given by (15), and J

(m,m)
j (p) is given by

2

N0
QSP(m)

[
KS(Rj

RIS(m))�W
(m,m)
j

](
QSP(m)

)T
with W

(m,m)
j = g

SP(m)
j (g

SP(m)
j )T.

Proof: Apply (11) and (12) to Theorem 1. �
Remark 5: By appropriately configuring the wideband RIS,

the coupling degree among signal components from the scatter-
ing paths can be strengthened or weakened. Moreover, due to the
causality property of RISs, the coupling degree between signal
components from the direct path and any of the scattering paths
can only be weakened. Both CC and CD scenarios eliminate the
coupling between the direct path and any scattering path. The
difference between these two types of scenarios is the coupling
among the scattering paths, i.e., the FIM from the complete
coupling among the scattering paths, given by

CRIS
j (p) =

Ns∑
m=1

Ns∑
m′=1
m′ �=m

C
RIS(m,m′)
j (p)

where C
RIS(m,m′)
j (p) is the FIM from the coupling of the

scattering path via them-th RIS element and the scattering path
via the m′-th RIS element.

C. Wideband Localization With Dynamic RISs

This subsection presents the definitions of frequency-
sensitivity, CKMs, and information gain vectors, as well as
the FIM and its decomposition for a localization system with
a dynamic RIS.

Definition 6 (Frequency-sensitivity of the transmitted wave-
form): We define the frequency-sensitivity S̃(f) of the trans-
mitted waveform S(f) in frequency domain as

S̃(f) =
1

S(f)

dS(f)

df
, f ∈ supp(S) (18)

where supp(S) is the support set {f ∈ R : S(f) �= 0}.
Remark 6: The S̃(f) in (18) reflects the sensitivity of the

frequency-domain waveform S(f) to f . It is worthy to note that
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jS̃(f) and its frequency-scaled version jS̃(αf)withα > 0 have
conjugate symmetry if S(f) has conjugate symmetry.

Definition 7 (Velocity-induced CKMs between an RIS-
scattering path and a direct path): We define the velocity-
induced CKMs between the scattering path via the m-th RIS
element and direct path with the j-th anchor as

K̊
V(m)

j,t (R1) =

∫
M̊

(m)

j,t (f)R1(f)R̊
(m)
j,t (f)∗df

where the matrix M̊
(m)

j,t (f) is given by

⎡
⎣−jf2˚̃S(m)

j,t (f)∗ f21T
2 −jf

f ˚̃S
(m)
j,t (f)∗13 jf13×2 13

⎤
⎦

and the frequency-sensitivity ˚̃S
(m)
j,t (f) with Doppler shifts on

the scattering path via the m-th RIS element can be expressed

as S̃
(
f

1−ν̊IP(m)
j,t

1−ν̊SP(m)
t

)
.

Definition 8 (Velocity-induced CKMs between two RIS-
scattering paths): We define the velocity-induced CKMs be-
tween the scattering paths via the m-th and m′-th RIS elements
as

K̊
V(m,m′)
j,t =

∫
M̊

(m,m′)
j,t (f)R̊

(m)
j,t (f)R̊

(m′)
j,t (f)∗df

where the matrix M̊
(m,m′)
j,t (f) is given by

⎡
⎢⎢⎢⎣
f2˚̃S

(m)
j,t (f)˚̃S

(m′)
t (f)∗ jf2˚̃S

(m)
j,t (f)1T

2 f ˚̃S
(m)
j,t (f)

−jf2˚̃S(m′)
j,t (f)∗12 f212×2 −jf12

f ˚̃S
(m′)
j,t (f)∗ jf1T

2 1

⎤
⎥⎥⎥⎦ .

Remark 7: The velocity-induced CKMs in Definitions 7 and 8
are only valid when there exists at least one m0 ∈ Ns such that
v̊(m0) �= 0 during the observation interval.

Similar to Definition 3, velocity-induced CKMs also have
properties in special coupling states as follows

1) If R̊(m)
j (f) and R̊

(m′)
j (f), m,m′ ∈ Ns are completely

coupled, the velocity-induced CKM is given by

K̊
C(m,m′)
j,t =

∫
M̊

C(m,m′)
j,t (f)R̊

(m)
j,t (f)R̊

(m′)
j,t (f)∗df

(19)

where the matrix M̊
C(m,m′)
j,t (f) is given by

⎡
⎢⎢⎢⎣
f2˚̃S

(m)
j,t (f)˚̃S

(m′)
j,t (f)∗ jf2˚̃S

(m)
j,t (f)1T

2 f ˚̃S
(m)
j,t (f)

−jf2˚̃S(m′)
j,t (f)∗12 f212×2 02

f ˚̃S
(m′)
j,t (f)∗ 0T

2 1

⎤
⎥⎥⎥⎦ .

Moreover, if �{S(f)} = 0, the matrix M̊
C(m,m′)
j,t (f) can

be further simplified to⎡
⎢⎢⎢⎣
f2˚̃S

(m)
j,t (f)˚̃S

(m′)
j,t (f) 0T

2 f ˚̃S
(m)
j,t (f)

02 f212×2 02

f ˚̃S
(m′)
j,t (f) 0T

2 1

⎤
⎥⎥⎥⎦ .

Since the RIS cannot affect direct paths, it is impossible for
the signal components from a direct path and a scattering
path via an RIS element to be completely coupled.

2) If R̊(m)
j (f) and R̊

(m′)
j (f), m,m′ ∈ N̊s are completely

decoupled, then

K̊
V(m,m′)
j,t = 04×4 and K̊

V(m′)
j (R̊

(m)
j ) = 04×4 . (20)

If R̊DP
j (f) and R̊(m)

j (f), m ∈ N̊s are completely decou-
pled, then

K̊
V(m)

j,t

(
RDP
j

)
= 04×4 . (21)

3) The veclocity-induced CKMs in Definition 8 satisfy

K̊
(m,m′)
j,t =

(
K̊

(m′,m)

j,t

)T
, ∀m,m′ ∈ N̊s .

Definition 9 (Doppler-shifted information gain vector for the
scattering path): The Doppler-shifted gain vector q̊

SP(m)
t for

the scattering path via the m-th RIS element at the observation
interval [t, t+ Tobs) is defined as

g̊
D(m)
j,t =

⎡
⎢⎢⎢⎢⎢⎢⎣

2π/
(
c(1− ν̊

(m)
t )

)
∂

∂ψ̊
(m)
A,t

D̊Rx
t /

(
2D̊Rx

t

)− ∂

∂ψ̊
(m)
t

γ̊
RIS(m)
j,t /̊γ

RIS(m)
j,t

∂

∂ϕ̊
(m)
A,t

D̊Rx
t /

(
2D̊Rx

t

)
+ ∂

∂ϕ̊
SP(m)
t

γ̊
RIS(m)
j,t /̊γ

RIS(m)
j,t

1/α̊
SP(m)
t

⎤
⎥⎥⎥⎥⎥⎥⎦

where D̊Rx
t is the short form of DRx(ψ̊

(m)
A,t , ϕ̊

(m)
A,t ).

Definition 10 (Velocity-induced information gain vector for
the scattering path): The velocity-induced information gain
vector g̊V(m)

j,t for the scattering path via the m-th RIS element
at the observation interval [t, t+ Tobs) is defined as

g̊
V(m)
j,t =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1−ν̊IP(m)
j,t

(1−ν̊SP(m)
t )2

2πτ̊
SP(m)
t

1

(1−ν̊SP(m)
t )2

2πτ̊
IP(m)
t

1−ν̊IP(m)
j,t

(1−ν̊SP(m)
t )2

1

1−ν̊SP(m)
t

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

Remark 8: If v̊(m)
t = 0, there is no Doppler shift in signal

transmission, and thus the gain vector q̊SP(m)
j,t in Definition 9

reduces to q
SP(m)
j in Definition 5. The gain vector g̊

SP(m)
j,t

defined in Definition 10 is valid only if the velocity v̊
(m)
t of

the m-th RIS element is not a zero vector.
With the proposed signal model in Section II-B and Defini-

tions 6–10, the FIM for a localization system with a dynamic
RIS is given by Theorem 2.
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Theorem 2: The FIM J̊j(p) of the agent contributed by the
measurement between the agent and the j-th anchor with a
dynamic RIS during the observation interval [0, Tobs) is given
by

J̊j(p) = χ̊jJ
DP
j (p) +

∑
m,m′∈N̊s

J̊
(m,m′)
j (p) + χ̊j

∑
m∈N̊s

C̊
(m)

j (p) .

(22)

In (22), the matrix J̊
(m,m′)
j (p) can be separated as the Doppler-

shifted component J̊
D(m,m′)
j (p) and the velocity-induced com-

ponent J̊
V(m,m′)
j (p), i.e.,

J̊
(m,m′)
j (p) = J̊

D(m.m′)
j (p) + J̊

V(m,m′)
j (p) . (23)

In particular,

J̊
D(m.m′)
j (p) =

2

N0
Q̊

D(m)[
K̊

(m,m′)
j � W̊

D(m,m′)
j

]
× (

Q̊
D(m′))T

(24)

J̊
V(m,m′)
j (p)=

2

N0

(̊
g
V(m)
j

)T
K̊

V(m,m′)
j g̊

V(m)
j q̊V(m)

(̊
qV(m′))T

+
2

N0
κ
(
Q̊

D(m)[(
K̊

V(m′)
j (R̊

(m)
j )̊g

V(m′)
j

)
� g̊

D(m)
j

](̊
qV(m′))T) (25)

where K̊
(m,m′)
j =K

(
R̊

RIS(m)
j (f), R̊

RIS(m′)
j (f)

)
, W̊

D(m,m′)
j =

g̊
D(m)
j

(̊
g
D(m′)
j

)T
, and the Doppler-shifted Jacobian matrix

Q̊
D(m)

and the velocity-induced Jacobian vector q̊V(m) are
given by (40) and (41), respectively.

Similarly, the matrix C̊
(m)

j (p) can be separated as the

Doppler-shifted component C̊
D(m)

j (p) and the velocity-induced

component C̊
V(m)

j (p), i.e.,

C̊
(m)

j (p) = C̊
D(m)

j (p) + C̊
V(m)

j (p) . (26)

In particular,

C̊
D(m)

j (p) =
2

N0
κ
(
QDP
j

[(
gDP
j (̊gD(m))T

)� K̊
(m)

j

]
× (

Q̊
D(m)

t

)T)
(27)

C̊
V(m)

j (p) =
2

N0
κ
(
QDP
j

[
gDP
j � (

K̊
V(m)

j

(
RDP
j

)̊
gV(m)

)]
× (̊

q
V(m)
t

)T)
(28)

where K̊
(m)

j = K(RDP
j , R̊

RIS(m)
j ).

Proof: See Appendix B. �
Remark 9: The Jacobian vector q̊V(m) in (41) can be written

as

q̊V(m) =

〈
v̊(m),q0

(
ψ̊(m) + π/2, ϕ̊(m)

)〉

c‖p− p̊(m)‖ q0

(
ψ̊(m) +

π

2
, ϕ̊(m)

)

+

〈
v̊(m), q0

(
π/2, ϕ̊(m) + π/2

)〉

c‖p− p̊(m)‖ q0

(π
2
, ϕ̊(m) +

π

2

)

which implies that the velocity components along the connecting
lines between them-th RIS element and the agent have no impact
on q̊V(m), and its direction is determined by the tangential
velocity perpendicular to the connecting lines between them-th
RIS element and the agent.

From the FIM decompositions in (23) and (26), it can be
observed that the velocity v̊(m) of the m-th RIS element affects
the FIM in two aspects. First, it introduces Doppler shifts in
the information gain vectors and CKMs of the FIM in Theo-
rem 1. Second, the velocity induces new matrices that influ-
ence the information intensity in the two angular directions
q0(

π
2 , ϕ̊

(m) + π
2 ) andq0(

π
2 , ϕ̊

(m) + π
2 ). It is worthy to note that,

if the speed ‖v(m)‖ of the m-th RIS element tends to zero, the
corresponding Doppler-shifted components tend to their coun-
terparts in Theorem 1 and the corresponding velocity-induced
components tend to zero matrices.

Corollary 3 (CC scenario): If all signal components via
RIS-scattering paths are completely coupled, and any signal
component via an RIS-scattering path and the signal component
via the direct path are completely decoupled, then the FIM of
the agent contributed by the j-th anchor is given by

J̊j(p) = χ̊jJ
DP
j (p) +

∑
m,m′∈N̊s

J̊
C(m,m′)
j (p) .

Proof: Apply (19)–(21) to Theorem 2. �
Corollary 4 (CD scenario): If all signals via different paths

are completely decoupled, then the FIM of the agent contributed
by the j-th anchor is given by

J̊j(p) = χ̊jJ
DP
j (p) +

∑
m∈N̊s

J̊
C(m,m)

j (p) .

Proof: Apply (20) and (21) to Theorem 2. �

D. Synthetic RISs for Network Localization

If the position of the agent is measured at different observation
intervals in a localization system with a dynamic RIS, the
information obtained from the multiple observations with the
dynamic RIS at different locations is equivalent to that provided
by a virtual synthetic RIS. Specifically, the FIM of the position
of the agent obtained with the virtual synthetic RIS is presented
in Theorem 3.

Theorem 3 (FIM with a synthetic RIS): For the j-th anchor,
the FIM with a virtual RIS synthesized from theNt observation
intervals indexed by Nt = {1, 2, . . . , Nt} is given by

JSA
j (p) = JDP

j (p)
∑
n∈Nt

χ̊j,tn +
∑
n∈Nt

J̊
RIS

j,tn
(p)

+
∑
n∈Nt

χ̊j,tnC̊
DP,RIS

j,tn
(p) (29)

where χ̊j,tn represents the status of the direct path between
the agent and the j-th anchor during the n-th observation in-

terval [tn, tn + Tobs), J̊
RIS

j,t (p) =
∑
m,m′∈N̊s

J̊
(m,m′)
j,t (p) and

C̊
DP,RIS

j,t (p) =
∑
m∈Ns

C̊
(m)

j,t (p).
Proof: By independence of different observations, we

have JSA
j (p) =

∑
n∈Nt

J̊j,t(p). Recall the notation that
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J̊
(m,m′)
j,0 = J̊

(m,m′)
j and C̊

(m)

j,0 = C̊
(m)

j , and then apply Theo-
rem 2 with subscript t �= 0 to the FIMs with dynamic RIS at
different observation intervals. �

To explain the difference between a dynamic RIS and a virtual
synthetic RIS in terms of the FIM, we introduce the following
notations:

J̊
A
j,t =

∑
m,m′∈A

J̊
(m,m′)
j,t , for A ⊂ NDyn

s

J̃
C
j =

∑
n∈Nt

J̊
C̊tn
j,tn

, for C = {C̊tn : n ∈ Nt}

C̊
A,B
j,t = κ

(∑
m∈A
m′∈B

J̊
(m,m′)
j,t

)
, for disjoint A,B ∈ σ

(N Syn
s

)

where the set NDyn
s of dynamic RIS elements is given by

NDyn
s =

⋃
n∈Nt

N̊s,tn , the collection N Syn
s of the set N̊s,tn of

RIS elements for synthesis is given by N Syn
s = {N̊s,tn : n ∈

Nt}, and the σ-field σ(N Syn
s ) is generated by the collection

N Syn
s . For clarity, we consider the case where only sets N̊s,tnof

dynamic RIS elements from the adjacent observation intervals
have intersections within the collection N Syn

s . In this case, the
difference in FIMs between the cases with the dynamic RIS
whose elements are indexed by NDyn

s and with the synthetic
RIS denoted by N Syn

s is summarized in Proposition 1.
Proposition 1: Consider that the overlapping of dynamic

RISs elements for synthesis occurs exclusively between two
consecutive observations, and suppose that the velocity of the
dynamic non-rotating RIS represented by N̊s,tn for synthesis re-
mains consistent across different observation intervals, aligning
with that of the dynamic non-rotating RIS denoted asNDyn

s . The
information difference Δj(p) contributed by the scattering path
via the RIS between the case with the dynamic RIS represented
by NDyn

s and with the synthetic RIS represented by N Syn
s is

given by

Δj(p) = J̃
NSyn

s

j (p)− J̊
NDyn

s

j,t (p) (30)

=

Nt−1∑
n=1

J̊
Vn

j (p)−
Nt−1∑
n=1

∑
n′∈Nt\{n−1,n}

C̊
Vn, Ñs,t

n′
j (p)

−
Nt−1∑
n=1

Nt∑
n′=n+1

C̊
Ñs,tn , Ñs,t

n′
j (p) (31)

where Vn=N̊s,tn ∩ N̊s,tn+1
and Ñs,tn =N̊s,tn\∪i∈{n−1,n} Vi.

Specially, if Vn = ∅, ∀n ∈ Nt, the information difference

Δj(p) = −
Nt−1∑
n=1

Nt∑
n′=n+1

C̊
N̊s,tn , N̊s,t

n′
j (p) . (32)

Proof: See Appendix C. �
Corollary 5 (Information difference between the case with

dynamic and synthetic RISs in CD scenarios): If all signal
components via different paths are completely decoupled, then
the information difference of the agent contributed by the
j-th anchor between the dynamic and synthetic RISs NDyn

s

and N Syn
s is given by Δj(p) =

∑Nt−1
n=1 J̊

Vn

j (p). Specially, if
Vn = ∅, ∀n ∈ Nt, it holds that Δj(p) = 03×3.

Proof: Apply (20) and (21) to Proposition 1. �
To maintain simplicity in form, we introduce additional empty

sets N̊s,Nt+1 = ∅ and VNt
= ∅. We emphasize that the same

elements in the sequence of set N̊s,tn , ∀n ∈ Nt correspond to
RIS elements at same positions. Since the considered dynamic
RIS N̊Dyn

j has the same velocity state as the dynamic small RIS

N̊s,tn , n ∈ Nt for synthesis, the virtual synthetic RIS can be
equivalently viewed as a series of dynamic small RISs concate-
nated together.

If the overlaps among the dynamic small RISs N̊s,tn of differ-
ent observation intervals are not empty, then for the case where
only the adjacent dynamic small RISs have overlaps, Proposi-
tion 1 shows that the signals scattered by the synthetic RIS gain
information from the signals scattered by the overlaps while lose
the information from the couplings of signals scattered by some
disjoint regions, such as Vn and Ñs,tn′ , n′ ∈ Nt\{n− 1, n}.

If there are no overlaps among the dynamic small RIS N̊s,tn of
different observation intervals, then Proposition 1 shows that the
signals scattered by the synthetic RIS only lose the information
from the couplings of signals scattered by the dynamic small RIS
during different observation intervals. Furthermore, consider the
case where the dynamic small RIS adopts the setting from the
CC scenario. In such scenario, the information from the signal
scattered by the synthetic RIS is equivalent to that from the
signal scattered by the dynamic large RIS N̊Dyn

s with a specific
configuration. In particular, this dynamic large RIS controls the
signals scattered within the same regions N̊s,tn to be completely
coupled. Meanwhile, it ensures that the signals scattered by
different regions, specifically N̊s,tn and N̊s,tn′ where n �= n′,
are completely decoupled. In addition, for the case where the
dynamic small RIS adopts the setting in the CD scenario, there
is no difference between information from the signal scattered
by the synthetic RIS and that from the signal scattered by the
dynamic large RIS NDyn

s .

IV. CASE STUDIES

In this section, we illustrate applications of our analysis with
several case studies. Although the analysis is valid for any
number of anchors and transmitted signals with any bandwidth,
we consider simple settings to gain insights.

A. Scenarios and Settings

The considered localization system has one wideband RIS,
one agent, and one or two anchors. We set the center fre-
quency and bandwidth of the transmitted signals as 2.4 GHz
and 10 MHz, respectively [52]. The observation time Tobs is set
as 66.67 μs [46]. The transmitted power at the anchors is set
to be 1 mW [46]. The dimension le of RIS elements is λc/4
[53]. The RIS is rectangular in shape, with its shortest edges
parallel to the y-axis. The antennas at the agent and the anchors
are small dipole antennas [54] oriented along the y-axis. The
operator PRIS(m) satisfies

PRIS(m)x = p̃(m)⊗ [
p̃(m) ⊗ (

ñRIS ⊗ (p̃
(m)
j ⊗ x)

)]
, ∀x ∈ R3

where the vector ñRIS is the normal vector of the RIS,
the vector p̃(m) = (p− p(m))/‖p− p(m)‖, and the vector
p̃
(m)
j = (p(m) − pj)/‖p(m) − pj‖ [29]. The noise figure and
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Fig. 3. Comparison of root SPEBs between the holographic localization sys-
tem with the proposed wideband model and the conventional multi-narrowband
model with respect to WRIS/le. WB and NB refer to wideband and multi-
narrowband, respectively.

temperature are set as 5 dB and 300 K, respectively [46]. The
path loss exponents of the direct path and the reflection and
incidence paths via the RIS elements are set as μDP = 3.5,
μSP = 2.8, and μIP = 2.2 [55]. Here, μDP and μSP affect the
attenuations according to (33), (34), and (38), and μIP affect
the attenuation αIP(m)

j and its time-varying version according

toαIP(m)
j = ‖p(m) − pj‖−μIP/2. The spectrum of the baseband

signal is an isosceles triangle. The speed of dynamic RISs is set
to 5 m/s. In the following, the unit of the coordinates is meter,
and 20 realizations of agent positions are used to determine the
root SPEB.

B. Performance Evaluation With Wideband and
Multi-Narrowband Models

In this simulation, the geometry setting for localization with
a static RIS is as follows. The WRIS ×WRIS square RIS is
centered at (0, 5, 0) and set in xy-plane, and its surface normal
is the unit vector of the positive z-axis. The anchor positions p1

and p2 are (0, 0, 10) and (−5, 0, 5), respectively. The agent p
is in a 1× 1× 1 m3 space centered at (5, 0, 5). The considered
multi-narrowband model implies that the phase responses of
RIS elements are piecewise-constant, and the constant phase
shift in each narrow band takes the phase response function
evaluated at the midpoint frequency of the narrow band. The
number of narrow frequency bands is set to 3. The wideband
model implies that the phase responses of RIS elements are
first-order polynomials. The squared root WRIS/le of the RIS
element number varies from 18 to 22.

Fig. 3 shows that the root SPEBs of holographic localization
using the multi-narrowband model, where each RIS element
requires 3 DOFs, are higher than those using the proposed wide-
band model, where the phase response functions are first-order
polynomials and each RIS element requires only 2 DOFs. This
is because the phase spectra of wideband signal components are
first-order polynomials with respect to frequency f , allowing
the RIS described with the wideband model to manipulate
the phase more effectively compared to the multi-narrowband

Fig. 4. Comparison of root SPEBs with respect to WRIS/le between local-
ization with the static RIS and the dynamic RIS under CC/CD scenarios.

model. Therefore, without the narrowband or multi-narrowband
constraints, the potential of wideband RISs can be further en-
hanced with RIS elements having even fewer DOFs. Fig. 3 also
shows that holographic localization with two anchors providing
measurement from separated directions achieve lower SPEBs
than that with a single anchor, and the CC scenarios outperform
the CD. This is because, compared with the single-anchor case,
the additional anchor in the two-anchor setup provides position
information from another separated direction, thereby enhancing
the benefits of increased information intensity in CC scenarios
more than the benefits brought by the increased number of
information directions in the CD scenarios.

C. Performance Comparison Between Localization With
Static RISs and Dynamic RISs

In this comparison, the geometry setting for localization with
an RIS is as follows. The WRIS ×WRIS square RIS is centered
at (0, 5, 0) and set in xy-plane, and its surface normal is the unit
vector of the positive z-axis. For the dynamic RIS, the velocity
v̊RIS of RIS is set as (−5, 0, 0) m/s. The anchor position p1 is
(0, 0, 10). The agent p is in a 1× 1× 1 m3 space centered at
(5, 0, 5). To compare the gain provided by the static and dynamic
RISs in different configurations, we evaluate the root SPEBs of
the localization system aided by a static or dynamic RIS in the
CD and CC scenarios. It is worthy to note that the agent is placed
in the near field of RIS, and when WRIS/le � 20, the anchor is
also placed in the near field of the RIS.

Fig. 4 shows that as WRIS/le increases, both static and dy-
namic RISs provide more position information. Furthermore,
CD scenarios yield better results compared to CC scenarios.
This is because, under the current settings where only one
direct path is LOS, the RIS in a CD scenario provides posi-
tion information from more directions, enhancing localization
accuracy. In contrast, the RIS in a CC scenario combines all
signal components scattered through it, offering more intense
position information from fewer directions, which results in
lower localization accuracy compared to CD. Fig. 4 also shows
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Fig. 5. Comparison of root SPEB with respect to number of observations for
RIS synthesis between localization with a dynamic RIS and a synthetic RIS
under CC/CD scenarios.

that, with the known RIS velocity, the dynamic RIS significantly
improves the root SPEB. This is beacuse the velocity-induced
FIM can provide additional angular information, as mentioned
in Remark 9.

D. Performance Comparison Between Localization With
Dynamic RISs and Synthetic RISs

In the comparison between dynamic RISs and synthetic RISs,
we consider a large dynamic RIS of 100le × 20le and a smaller
dynamic RIS of 20le × 20le for constructing the synthetic RIS.
Both RISs move at a velocity of (5, 0, 0) m/s. The center of the
large dynamic RIS is at (0, 5, 0). The smaller dynamic surface
moves from (−40le, 5, 0) to (40le, 5, 0), with observations start-
ing at its initial position and ending at its final position, while
other observations are evenly distributed between the start and
end. The surface normals of RISs are the unit vectors of the
positive z-axis. The settings for the agent and anchor are the
same as in Section IV-C.

Fig. 5 shows that CD scenarios yield better results compared
to CC scenarios, for reasons similar to those illustrated in Fig. 4
of Section IV-C. Specifically, the RIS orientation and the angles
between the RIS, the anchor, and the agent remain relatively
constant along the synthetic trajectory. Fig. 5 shows that in
the CD scenario, the root SPEB decreases as the number of
observations increases. This is because the more number of
observations, the more RIS elements are synthesized to provide
more position information and there is no loss in the FIM
provided by the coupling of different signal components, as
shown in Corollary 5. Furthermore, Fig. 5 shows that when the
number of observations is 5, the large dynamic RIS and the
synthetic RIS constructed by the smaller dynamic RISs provide
similar position information. This is because when the number
of observations is 5, the smaller dynamic RISs at different obser-
vation intervals can be exactly concatenated as the large dynamic
RIS, and the slight difference comes from the 4 additional
observations on the direct path. Therefore, the synthetic RISs
can mitigate the multiplicative fading effect without increasing
the dimension of RISs or additional PAs.

Fig. 6. Impact of trajectory perturbation and radius rtr on the root SPEB of a
localization system with a synthetic RIS under CC/CD scenarios.

E. Impact of Trajectory for Synthetic RISs on Localization
Performance

In the simulation, the RIS velocity is set to be tangent to the
trajectory of the RIS in xz-plane. The angular velocity of the
RIS is set to keep its normal vector ñRIS(t) in the xz-plane
and orthogonal to the RIS velocity vRIS(t), i.e., ñRIS(t) =
ỹ ⊗ ṽRIS(t), where ỹ and ṽRIS(t) are the unit vectors of the
y-axis and vRIS(t), respectively. In addition, without loss of
generality, we consider that the RIS moves along the trajectory
counter clockwise from top view. The anchor is at (0, 0,−3.5),
and the agent is in a 1× 1× 1 m3 space centered at (0, 0, 3.5).
The trajectory of the dynamic 20le × 20le RIS is a circle with
a radius of rtr centered at (0, 5, 0) in the xz-plane. The number
of observations for constructing the synthetic RIS is set to 10.
Moreover, to assess the impact of perturbation on trajectories,
the perturbed trajectories are generated as follows. Fifty points
are uniformly sampled along the circular trajectory. Each point
receives a random radial perturbation distributed uniformly in
[−εrtr, εrtr], where ε is the perturbation level. A two-hundred-
point cubic spline interpolation of these points generates the
perturbed trajectory, which determines the velocity directions
and orientations of the dynamic RISs in different observation
intervals. The perturbation level ε varies from 0.1 to 0.5 in the
simulations.

Fig. 6 shows that CC scenarios outperform CD scenarios. for
the reason similar to those illustrated in Fig. 3 of Section IV-B.
Specifically, the synthetic RIS, which encircles the anchor and
the agent with a closed trajectory, provides position information
from separated directions. Fig. 6 shows that as the trajectory
radius rtr decreases, the root SPEBs improve significantly. This
is because the lengths of the scattering paths via the dynamic
RISs decrease and the signal attenuations are weakened. Fig. 6
also shows that root SPEBs decrease as the perturbation level
increases when the perturbation level ε � 0.1. This is because
large perturbation on the trajectory can weaken the signal com-
ponents scattered by the RIS by changing the RIS orientation and
decreasing the polarization attenuations γ̊RIS(m)

j,t . Therefore, for
scenarios involving a synthetic RIS whose trajectory surrounds
the anchor and agent, a reduction in both the trajectory radius
and the perturbation level can enhance localization accuracy.

Authorized licensed use limited to: MIT. Downloaded on November 06,2024 at 04:44:47 UTC from IEEE Xplore.  Restrictions apply. 



WANG et al.: HOLOGRAPHIC LOCALIZATION WITH SYNTHETIC RECONFIGURABLE INTELLIGENT SURFACES 615

V. CONCLUSION

This paper presented a general signal model for localization
systems with a wideband RIS and determined the performance
limits of RIS-aided wideband localization. A signal processing
framework with synthetic RISs was proposed to enhance the
localization accuracy. Results show that with the proposed wide-
band models, an RIS whose elements have a polynomial phase
response with two DOFs can provide more position information
with less DOFs than those in piecewise-constant phase response
with more DOFs. Besides, a dynamic RIS can provide more
position information than a static RIS due to velocity-induced
FIMs. Moreover, a small dynamic RIS, through multiple mea-
surements, can be synthesized to outperform a large one. The
case studies show that CD scenarios outperform CC in cases
with a single or multiple closely-spaced measurement directions
provided by an RIS or anchors, such as single-anchor cases
involving a static RIS, a dynamic RIS, or a synthetic RIS with a
short-segment trajectory. Conversely, CC scenarios outperform
CD in cases with multiple separated measurement directions
provided by an RIS or anchors, such as the multi-anchor case and
the single-anchor case involving a synthetic RIS with a trajectory
surrounding the anchor and agent. In addition, reducing the per-
turbation level and radius of the RIS trajectory surrounding the
anchor and agent can enhance the position information brought
by the synthetic RIS. The findings in this paper provided guide-
lines for the design of wideband localization with synthetic RISs.

APPENDIX A

The channel parameters η of the system can be partitioned as
[(ηDP

1 )T · · · (ηDP
Nb

)T (ηSP(1))T · · · (ηSP(Ns))T]T. The chan-
nel parameters ηDP

j of the direct path between the j-th anchor
and the agent are given by [τ̃j ψj ϕj αDP

j ]T, where τ̃j =
‖p− pj‖, ψj = arccos(

z−zj
‖p−pj‖ ), ϕj = arctan2 (y − yj , x−

xj), and

αDP
j = ‖p− pj‖−μDP/2 . (33)

The channel parameters ηSP(m) of the reflection path via
the m-th static RIS element are given by [τ̃SP(m) ψ

(m)
A

ϕ
(m)
A αSP(m)]T, where τ̃SP(m) =

∥∥p− p(m)
∥∥, ψ

(m)
A =

arccos( z(m)−z
‖p−p(m)‖ ), ϕ

(m)
A = arctan2 (y(m) − y, x(m) − x), and

αSP(m) =
∥∥p− p(m)

∥∥−μSP/2
. (34)

Here,μDP andμSP are the path loss exponents of the direct path,
and the reflection path via the m-th RIS element, respectively.
Therefore, the Jacobian matrices QDP

j and QSP(m) are

QDP
j =

⎡
⎢⎢⎢⎢⎢⎢⎣

q0(ψj , ϕj)
T

1
‖p−pj‖q0(ψj + π/2, ϕj)

T

1
‖p−pj‖ sinψj

q0(π/2, ϕj + π/2)T

− μDP

2‖p−pj‖1+µDP/2
q0(ψj , ϕj)

T

⎤
⎥⎥⎥⎥⎥⎥⎦

T

(35)

QSP(m) =

⎡
⎢⎢⎢⎢⎢⎢⎣

q0(ψ
(m), ϕ(m))T

1
‖p−p(m)‖q0(ψ

(m) − π/2, ϕ(m))T

1
‖p−p(m)‖ sinψ(m) q0(π/2, ϕ

(m) + π/2)T

− μSP

2‖p−p(m)‖1+µSP/2
q0(ψ

(m), ϕ(m))T

⎤
⎥⎥⎥⎥⎥⎥⎦

T

.

(36)

Due to the independence among different anchors, the total FIM
can be expressed as the sum of FIMs from the measurement
between the agent and each anchor, i.e., J(p) =

∑
j∈Nb

J j(p).
By the definition of FIM in (7), the chain rule of differentiation,
the rule of block matrix multiplication, and Lemma 1, it holds
that

J j(p) = QDP
j J j(η

DP
j )

(
QDP
j

)T
+

∑
m,m′∈Ns

QSP(m)J j(η
SP(m),ηSP(m′))

(
QSP(m′))T

+
∑
m∈Ns

QDPCj(η
DP,ηSP(m))

(
QSP(m)

)T
(37)

where ηj = [(ηDP
j )T (ηSP)T]T with ηSP = [(ηSP(1))T

(ηSP(2))T · · · (ηSP(Ns))T]T; the FIM J j(θ) of the
parameter vector θ is defined as in (9), specifically given by
2
N0

∫∞
−∞

∂Rj(f)
∂θ

∂R∗
j(f)

∂θT df with the Fourier transform Rj(f) =

χjR
DP
j (f) +

∑
m∈Ns

R
RIS(m)
j (f); the FIM J j(η

SP(m),

ηSP(m′)) and C(ηDP,ηSP(m)) are respec-

tively given by 2
N0

∫∞
−∞

∂Rj(f)

∂ηSP(m)

∂R∗
j(f)

∂(ηSP(m′))T
df and

2
N0
κ(

∫∞
−∞

∂Rj(f)
∂ηDP

∂R∗
j(f)

∂(ηSP(m))T
df).

By the linearity of the Fourier transform and the fact that
χ2
j = χj , the indicator χj of the LOS path can be extracted

from the related FIM. Define

JDP
j (p) = QDP

j J j
(
ηDP
j

)∣∣
χj=1

(
QDP
j

)T
J

(m,m′)
j (p) = QSP(m)J j

(
ηSP(m),ηSP(m′))(QSP(m′))T

C
(m)
j (p) = QDPCj

(
ηDP,ηSP(m)

)∣∣
χj=1

(
QSP(m)

)T
and substitute them into (37), and then (14) is proven. By
Definitions 3–5, (15)–(17) can be proved after some algebra.

APPENDIX B

For any observation interval [t, t+ Tobs), the channel
parameters η̊

SP(m)
t of the path between the dynamic m-th

RIS element and the agent are given by [̊τ̃
SP(m)
t ψ̊

(m)
A,t

ϕ̊
(m)
A,t α̊

SP(m)
t ν̊

SP(m)
t ]T, where ˚̃τ

SP(m)
t =

∥∥p̊(m)
t − p

∥∥,

ψ̊
(m)
A,t = arccos(

z̊
(m)
t −z

‖p−p̊
(m)
t ‖ ), ϕ̊

(m)
A,t = arctan2 (ẙ

(m)
t −y, x̊(m)

t −
x), ν̊SP(m)

t = 1
c

〈̊
v
(m)
t , q0(ψ̊

(m)
t , ϕ̊

(m)
t )

〉
, and

α̊
SP(m)
t =

∥∥p− p̊
(m)
t

∥∥−μSP/2
. (38)

The Jacobian matrix Q̊
SP(m)

t can be partitioned by the Doppler-

shifted matrix Q̊
D(m)

t and the velocity-induced vector q̊V(m)
t ,
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given by

Q̊
SP(m)

t =
∂
(
η̊
SP(m)
t

)T
∂p

=
[
Q̊

D(m)

t q̊
V(m)
t

]
. (39)

By the definitions of the channel parameters η̊
SP(m)
t , Q̊

D(m)

t

and q̊
V(m)
t are specifically given by

Q̊
D(m)

t =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

q0(ψ̊
(m)
t , ϕ̊

(m)
t )T

q0(ψ̊
(m)
t −π/2,ϕ̊(m)

t )T

‖p−p̊
(m)
t ‖

q0(π/2,ϕ̊
(m)
t +π/2)T

‖p−p̊
(m)
t ‖ sin ψ̊(m)

t

−μSPq0(ψ̊
(m)
t ,ϕ̊

(m)
t )T

2‖p−p̊
(m)
t ‖1+µSP/2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

T

(40)

q̊
V(m)
t =

(̊v
(m)
t )T

c
∥∥p− p̊

(m)
t

∥∥
×

[
I3 − q0(ψ̊

(m)
t , ϕ̊

(m)
t )q0(ψ̊

(m)
t , ϕ̊

(m)
t )T

]
.

(41)

Define

JDP
j (p) = QDP

j J̊j
(
ηDP
j

)∣∣
χ̊j,t=1

(
QDP
j

)T
J̊

(m,m′)
j,t (p) = Q̊

SP(m)

t J̊j,t
(
η̊
SP(m)
t , η̊

SP(m′)
t

)(
Q̊

SP(m)

t

)T
(42)

C̊
(m)

j,t (p) = QDPC̊j,t

(
ηDP, η̊

SP(m)
j,t

)∣∣
χ̊j,t=1

(
Q̊

SP(m)

t

)T
(43)

where the FIM J̊j(θ) of the parameter vector θ is 2
N0∫∞

−∞
∂R̊j,t(f)
∂θ

∂R̊∗
j,t(f)

∂θT df with the Fourier transform R̊j,t(f) =

χ̊j,tR
DP
j (f) +

∑
m∈N̊s,t

R̊
RIS(m)
j,t (f); the FIM J̊j(η̊

SP(m)
j,t ,

η̊
SP(m′)
j,t ) is 2

N0

∫∞
−∞

∂R̊j,t(f)

∂η̊
SP(m)
j,t

∂R̊∗
j,t(f)

∂(η̊
SP(m′)
j,t )T

df ; and the FIM

C̊j,t(η
DP, η̊

SP(m)
j,t ) is 2

N0
κ(

∫∞
−∞

∂R̊j,t(f)
∂ηDP

∂R̊∗
j,t(f)

∂(η̊
SP(m)
j,t )T

df). Then,

(22) can be proved similar to the proof of (14).
Define the Doppler-shifted and velocity-induced com-

ponents J̊
D(m,m′)
j,t (p) and J̊

V(m,m′)
j,t (p) respectively as

Q̊
D(m)

t [J̊j,t(η̊
SP(m)
t , η̊

SP(m′)
t )]1:4,1:4(Q̊

D(m′)
t )T and κ(Q̊

D(m)

t

[J̊j,t(η̊
SP(m)
t , η̊

SP(m′)
t ) ]1:4,5(̊q

V(m′)
t )T) + [J̊j,t(η̊

SP(m)
t ,

η̊
SP(m′)
t )]5,5q̊

V(m)
t (̊q

V(m′)
t )T. Substitute (39) into (42), and

then (23) holds due to the rule of block matrix multiplication.
In addition, with Definitions 3, 7–10 and t = 0, (24) and (25)
are proved.

Similarly, define the Doppler-shifted and velocity-induced

components C̊
D(m)

j,t (p) and C̊
V(m)

j,t (p) respectively as

C̊
D(m)

j,t (p) = QDP
[
C̊j,t

(
ηDP, η̊

SP(m)
j,t

)]
1:4,1:4

∣
∣
∣
χ̊j,t=1

(
Q̊

D(m)

t

)T

C̊
V(m)

j,t (p) = QDP
[
C̊j,t

(
ηDP, η̊

SP(m)
j,t

)]
1:4,5

∣
∣
∣
χ̊j,t=1

(
q̊
V(m)
t

)T
.

Substitute (39) into (43), and then (26) holds due to the rule of
block matrix multiplication. In addition, with Definitions 3, 7,
9, 10 and t = 0, (27) and (28) are proved.

APPENDIX C

By the definitions of Vn and Ñs,tn , set N̊s,tn can be expressed
as the union of disjoint sets. Specifically, it holds that N̊s,tn =

Vn−1 ∪ Ñs,tn ∪ Vn, ∀n ∈ Nt, where V0 = VNt
= ∅. Fur-

thermore, the set NDyn
s can also be expressed as the union of

disjoint sets. Specifically, it holds that NDyn
s = (∪n∈Nt

Vn) ∪
(∪n∈Nt

Ñs,tn). For a sequence of disjoint sets Ai, i ∈ I, where
I is the index set, we have

J̊
∪iAi

j,t (p) =
∑
i∈I

J̊
Ai

j,t (p) +
∑
i,i′∈I
i<i′

C
Ai,Ai′
j,t (p) . (44)

With (44), the FIM contributed by the scattering paths via the
synthetic RIS can be expressed as

J̃
NSyn

s

j (p) =

Nt∑
n=1

[
J̊

Vn−1

j,tn
(p) + J̊

Vn

j,tn
(p) + J̊

Ñs,tn

j,tn
(p)

]

+

Nt∑
n=1

[
C̊

Vn−1,Ñs,tn

j,tn
(p) + C̊

Vn−1,Ñs,tn

j,tn
(p)

]
(45)

and the FIM contributed by the scattering path via the dynamic
RIS can be expressed as

J̊
NDyn

s

j,t (p) =
∑
n∈Nt

J̊
Vn

j,t (p) +
∑
n∈Nt

J̊
Ñs,tn

j,t (p)

+
∑

n,n′∈Nt

n′>n

[
C̊

Vn,Vn′
j,t + C̊

Ñs,tn , Ñs,tn′
j,t (p)

]

+
∑

n,n′∈Nt

C̊
Vn, Ñs,t

n′
j,t (p) . (46)

Since the velocity of the dynamic RIS represented by N̊s,tn for
synthesis remains consistent across different observation inter-
vals, aligning with that of the dynamic RIS denoted as NDyn

s ,

for all m,m′ ∈ NDyn
s , it holds that J̊

(m,m′)
j,t (p) = J̊

(m,m′)
j,tn

(p),
∀n ∈ Nt. Furthermore, by substituting (45) and (46) into (30),
the (31) is proved. In addition, for the case where Vn = ∅,
n ∈ Nt, the first two terms in (31) are zero matrices, so (32)
is proved.
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